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Abstract
Let denote a distance-regular graph with diameterD  3, valency k, and intersection numbers ai, bi , ci .
By a pseudo-cosine sequence of  we mean a sequence of real numbers σ0, σ1, . . . , σD such that σ0 = 1
and ciσi−1 + aiσi + biσi+1 = kσ1σi for 0  i  D − 1. Let σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote
pseudo-cosine sequences of . We say this pair of sequences is tight whenever σ0ρ0, σ1ρ1, . . . , σDρD is a
pseudo-cosine sequence of. In this paper, we determine all the tight pairs of pseudo-cosine sequences of.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let  denote a distance-regular graph with diameter D  3, valency k, and intersection num-
bers ai, bi, ci (see Section 2 for formal definitions). Let θ and θ ′ denote eigenvalues of  other
than k. In [10], Jurišic´ et al. showed(
θ + k
a1 + 1
)(
θ ′ + k
a1 + 1
)
 − ka1b1
(a1 + 1)2 . (1)
The case of equality in (1) has received a lot of attention [3,6,10,15–17]. This case has been
characterized using the intersection numbers [10, Theorem 10.2], the 1-homogeneous property
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[10, Theorem 11.7(i)], and the local structure [10, Theorem 12.6]. For related results see [5,7–9,
11–14, 18–20]. In [15], Pascasio characterized equality in (1) using cosine sequences. The idea is as
follows. Let θ denote an eigenvalue of. By the cosine sequence of associated with θ , we mean
the sequence of real numbers σ0, σ1, . . . , σD such that σ0 = 1 and ciσi−1 + aiσi + biσi+1 = θσi
for 0  i  D, where σ−1 and σD+1 are indeterminate. Let θ and θ ′ denote eigenvalues of 
other than k. Let σ0, σ1, . . . , σD (resp., ρ0, ρ1, . . . , ρD) denote the cosine sequence of  associ-
ated with θ (resp., θ ′). Then by [15, Theorem 3.4], θ, θ ′ satisfy (1) with equality if and only if
σ0ρ0, σ1ρ1, . . . , σDρD is a cosine sequence of .
The concept of a pseudo-cosine sequence was recently introduced [11,20]. This concept is
defined as follows. Let θ denote a real number. By the pseudo-cosine sequence of  asso-
ciated with θ we mean the sequence of real numbers σ0, σ1, . . . , σD such that σ0 = 1 and
ciσi−1 + aiσi + biσi+1 = θσi for 0  i  D − 1, where σ−1 is indeterminate. Pseudo- cosine
sequences have been used to describe certain modules for the subconstituent algebra [20]. They
also arise in connection with the pseudo 1-homogeneous property [11]. Given our comments
in the previous paragraph it is natural to consider the following situation. Let σ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD denote pseudo-cosine sequences of . We say this pair of sequences is tight
whenever σ0ρ0, σ1ρ1, . . . , σDρD is a pseudo-cosine sequence of .
In this paper, we find all the tight pairs of pseudo-cosine sequences of . We break the argu-
ment into the following cases: (i) ai = 0 for 0  i  D − 1; (ii) ai = 0 for 0  i  D − 2 and
aD−1 = 0; (iii) a1 = 0 and there exists i (2  i  D − 2) such that ai = 0; (iv) a1 = 0. Our
results for these cases are given in Theorems 5.3, 9.4, 10.1, and 14.2, respectively.
Our methods in this paper are purely algebraic. Consequently our main results probably hold
for P -polynomial character algebras. However, for simplicity and clarity we will stick to the level
of distance-regular graphs.
2. Preliminaries
In this section, we review some definitions and basic concepts. For more background informa-
tion, the reader may refer to the books of Bannai and Ito [1], or Brouwer, Cohen and Neumaier
[2].
Let  = (X,R) denote a finite, undirected, connected graph without loops or multiple edges,
with vertex set X, edge set R, path-length distance function ∂ and diameter D := max{∂(x, y) |
x, y ∈ X}. Let k denote a nonnegative integer. We say  is regular with valency k whenever
each vertex of  is adjacent to exactly k distinct vertices of . We say  is distance-regular
whenever for all integers h, i, j (0  h, i, j  D) and for all x, y ∈ X with ∂(x, y) = h, the
number
phij :=
∣∣{z ∈ X | ∂(x, z) = i, ∂(y, z) = j}∣∣
is independent of x and y. The integers phij are called the intersection numbers for . We abbrevi-
ate ai :=pi1i (0  i  D), bi :=pi1i+1 (0  i  D − 1), ci :=pi1i−1 (1  i  D), and ki :=p0ii
(0  i  D). We observe a0 = 0, c1 = 1, and k0 = 1. For notational convenience we define
c0 :=0 and bD :=0.
For the rest of this paper we assume  is distance-regular with diameter D  3. We have a few
comments. The graph  is regular with valency k = k1 = b0. Moreover
ci + ai + bi = k (0  i  D). (2)
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It is known, by [1, Chapter 3, Proposition 1.2]
ki = b0b1 · · · bi−1
c1c2 · · · ci (0  i  D). (3)
We remark ci−1  ci and bi−1  bi for 1  i  D [2, Proposition 4.1.6].
We recall the Bose–Mesner algebra of . Let MatX(C) denote the C-algebra consisting of the
matrices which have rows and columns indexed by X and entries in C. For 0  i  D let Ai
denote the matrix in MatX(C) with entries
(Ai)xy =
{
1, if ∂(x, y) = i,
0, if ∂(x, y) = i (x, y ∈ X).
We call Ai the ith distance matrix of . We have A0 = I , ∑Di=0 Ai = J , Ati = Ai (0  i 
D), AiAj =∑Dh=0 phijAh (0  i, j  D) where J denotes the all 1’s matrix. The matrices
A0, A1, . . . , AD form a basis for a commutative semi-simple C-algebra M , called the Bose–Mes-
ner algebra of. By [1, Section 2.3]M has a second basisE0, E1, . . . , ED such thatE0 = |X|−1J ,∑D
i=0 Ei = I , Eti = Ei (0  i  D), EiEj = δijEi (0  i, j  D). The E0, E1, . . . , ED are
called the primitive idempotents of . We call E0 the trivial idempotent of .
We set A :=A1 and call this the adjacency matrix of . Let θ0, θ1, . . . , θD denote the complex
scalars such that A =∑Di=0 θiEi . It is known θ0 = k, and that θ0, θ1, . . . , θD are distinct real
numbers [1, Chapter 3, Theorem 1.3]. We refer to θi as the eigenvalue of  associated with Ei
(0  i  D). We call θ0 the trivial eigenvalue of . For each integer i (0  i  D), let mi denote
the rank of Ei . We refer to mi as the multiplicity of Ei (or θi).
Let θ denote an eigenvalue of , let E denote the associated primitive idempotent, and let
m denote the multiplicity of E. By [1, Section 2.3] there exists a sequence of real numbers
σ0, σ1, . . . , σD such that
E = |X|−1m
D∑
i=0
σiAi.
It follows from [1, Chapter 2, Proposition 3.3 (iii)] that σ0 = 1. We call σ0, σ1, . . . , σD the cosine
sequence of  associated with θ . We shall often abbreviate σ1 by σ . Let σ0, σ1, . . . , σD, θ denote
real numbers. By [2, Proposition 4.1.1] the following are equivalent: (i) θ is an eigenvalue of and
σ0, σ1, . . . , σD is the corresponding cosine sequence; (ii) σ0 = 1 and ciσi−1 + aiσi + biσi+1 =
θσi (0  i  D), where σ−1 and σD+1 are indeterminates.
We end this section with a comment.
Lemma 2.1 [2, Proposition 5.5.1]. Let  denote a distance-regular graph with diameter D  3.
Suppose a1 = 0. Then ai = 0 for 1  i  D − 1.
3. Pseudo-cosine sequences
We now recall a sequence of real numbers, which generalizes the cosine sequence.
Definition 3.1 [11,20]. Let  denote a distance-regular graph with diameter D  3. For θ ∈ R,
by the pseudo-cosine sequence of  associated with θ we mean the sequence of real numbers
σ0, σ1, . . . , σD such that σ0 = 1 and
ciσi−1 + aiσi + biσi+1 = θσi (0  i  D − 1), (4)
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where σ−1 is an indeterminate. For notational convenience, we abbreviate σ :=σ1. We remark θ
is determined by its pseudo-cosine sequence; indeed θ = kσ , where k denotes the valency of .
We have some remarks on Definition 3.1. Let  denote a distance-regular graph with diameter
D  3. Pick θ ∈ R and let σ0, σ1, . . . , σD denote the corresponding pseudo-cosine sequence.
Then θ is an eigenvalue of  if and only if cDσD−1 + aDσD = θσD . In this case σ0, σ1, . . . , σD
is the cosine sequence of  associated with θ . Now let σ0, σ1, . . . , σD denote the pseudo-cosine
sequence of  associated with θ = k, where k is the valency of . Comparing (2) and (4), we
find σi = 1 for 0  i  D. By the trivial pseudo-cosine sequence we mean the pseudo-cosine
sequence of  associated with k. This sequence is a cosine sequence since k is an eigenvalue
of .
Lemma 3.2 (Christoffel–Darboux). Let  denote a distance-regular graph with diameter D  3.
Let σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote pseudo-cosine sequences of . Then
(σ − ρ)
i∑
h=0
khσhρh = b1b2 · · · bi
c1c2 · · · ci (σi+1ρi − σiρi+1) (0  i  D − 1). (5)
Proof. For 0  h  i we have
σσhk = chσh−1 + ahσh + bhσh+1, (6)
ρρhk = chρh−1 + ahρh + bhρh+1. (7)
Evaluating the left-hand side of (5) using (6) and (7), and simplifying the result using (3) we
routinely obtain the right-hand side of (5). 
Lemma 3.3. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
denote real numbers. Then the following are equivalent:
(i) σ0, σ1, . . . , σD is a pseudo-cosine sequence of .
(ii) σ0 = 1 and
ci(σi−1 − σi) − bi(σi − σi+1) = k(σ − 1)σi (1  i  D − 1). (8)
(iii) σ0 = 1 and
(σ − 1)
i∑
h=0
khσh = b1b2 · · · bi
c1c2 · · · ci (σi+1 − σi) (0  i  D − 1). (9)
Proof. (i) ⇒ (iii) To show (9), in Lemma 3.2 let ρ0, ρ1, . . . , ρD denote the pseudo-cosine
sequence of  associated with k.
(iii) ⇒ (ii) We show (8) holds. Pick an integer i (1  i  D − 1). By (9) (with i replaced by
i − 1) we have
(σ − 1)
i−1∑
h=0
khσh = b1b2 · · · bi−1
c1c2 · · · ci−1 (σi − σi−1) . (10)
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Subtracting Eq. (10) from Eq. (9) and eliminating ki from the result using (3) we get (8) as desired.
(ii) ⇒ (i) We show
ciσi−1 + aiσi + biσi+1 = kσσi (11)
for 0  i  D − 1. Clearly (11) holds for i = 0. To show (11) holds for 1  i  D − 1 simplify
(8) using (2). We now have (11) for 0  i  D − 1. By Definition 3.1 we find σ0, σ1, . . . , σD is
the pseudo-cosine sequence of  associated with kσ . 
We mention another characterization of the pseudo-cosine sequences.
Lemma 3.4. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
denote real numbers. Then the following are equivalent:
(i) σ0, σ1, . . . , σD is a pseudo-cosine sequence of .
(ii) σ0 = 1 and
bi(σi−1 − σi+1) = k(σi−1 − σσi) − ai(σi−1 − σi) (1  i  D − 1). (12)
(iii) σ0 = 1 and
ci(σi+1 − σi−1) = k(σi+1 − σσi) − ai(σi+1 − σi) (1  i  D − 1). (13)
Proof. (i) ⇒ (ii) Lemma 3.3(i) holds. Applying that lemma and eliminating ci in (8) using (2)
we get (12).
(ii) ⇒ (iii) Eliminating bi in (12) using (2) we get (13).
(iii) ⇒ (i) We show (8) holds. To do this we eliminate ai in (13) using (2). It follows
σ0, σ1, . . . , σD is a pseudo-cosine sequence in view of Lemma 3.3(i) and (ii). 
We finish this section with some results, which we will find useful later in the paper.
Lemma 3.5. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
denote a pseudo-cosine sequence of. Then at least one of σi, σi+1 is nonzero for 0  i  D − 1.
Proof. Assume there exists an integer i (0  i  D − 1) such that σi = 0 and σi+1 = 0. Recall
σ0 = 1 so i  1. Without loss of generality we may assume σi−1 = 0. This is inconsistent with
(4) and the fact that ci = 0. The result follows. 
Lemma 3.6. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
denote a nontrivial pseudo-cosine sequence of . Then for 1  i  D − 1, at least one of σi−1 −
σi, σi − σi+1 is nonzero.
Proof. Suppose there exists an integer i (1  i  D − 1) such that each of σi−1 − σi , σi − σi+1
is zero. Then σi−1, σi, σi+1 coincide and this common value is nonzero by Lemma 3.5. Evalu-
ating (8) using this we find σ = 1. Now σ0, σ1, . . . , σD is the trivial pseudo-cosine sequence, a
contradiction. 
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Lemma 3.7. Let  denote a distance-regular graph with diameter D  3 and valency k. Let
σ0, σ1, . . . , σD denote the pseudo-cosine sequence of  associated with −k. Suppose there exists
an integer i (1  i  D − 2) such that σi−1 + σi = 0 and σi+1 + σi+2 = 0. Then ai = 0, ai+1 =
0, and σi + σi+1 = 0.
Proof. Observe σi = 0; otherwise each of σi−1, σi is zero, contradicting Lemma 3.5. Also σi+1 =
0; otherwise each of σi+1, σi+2 is zero, contradicting Lemma 3.5. Applying (4) at i and i + 1 with
θ = −k we find both biσi+1 = σi(ci − ai − k) and ci+1σi = σi+1(bi+1 − ai+1 − k). Combining
these two equations and using (2) we routinely obtain
(k + ai − ci)ai+1 = −aici+1. (14)
In (14) the left-hand side is nonnegative and the right-hand side is nonpositive. Therefore, both
sides are zero. It follows each of ai , ai+1 is zero. Setting ai = 0 in the equation biσi+1 = σi(ci −
ai − k) we routinely obtain σi + σi+1 = 0. 
4. The tight relation
Let  denote a distance-regular graph with diameter D  3. We introduce a binary symmetric
relation on the set of all pseudo-cosine sequences of . We call this the tight relation.
Definition 4.1. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD denote pseudo-cosine sequences of . We say this pair of sequences is tight
whenever σ0ρ0, σ1ρ1, . . . , σDρD is a pseudo-cosine sequence of .
For notational convenience, we will use the following definition.
Definition 4.2. Let  denote a distance-regular graph with diameter D  3. For θ , θ ′ ∈ R, we
say the pair θ, θ ′ is tight whenever the corresponding pseudo-cosine sequences form a tight pair.
Let denote a distance-regular graph with diameter D  3 and valency k. We give an example
of a tight pair of pseudo-cosine sequences for . Let σ0, σ1, . . . , σD denote the pseudo-cosine
sequence for  associated with k and recall σi = 1 for 0  i  D. Let ρ0, ρ1, . . . , ρD denote any
pseudo-cosine sequence for . Of course σiρi = ρi for 0  i  D. By Definition 4.1 we find
σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Consequently, we have the following.
Example 4.3. Let  denote a distance-regular graph with diameter D  3 and valency k. Then
for all θ ∈ R the pair θ, k is tight.
Lemma 4.4. Let  denote a distance-regular graph with diameter D  3 and valency k. Let θ,
θ ′ denote real numbers other than k, and assume θ, θ ′ form a tight pair. Then(
θ + k
a1 + 1
)(
θ ′ + k
a1 + 1
)
= − ka1b1
(a1 + 1)2 . (15)
Proof. Let σ0, σ1, . . . , σD (resp., ρ0, ρ1, . . . , ρD) denote the pseudo-cosine sequence of 
associated with θ (resp., θ ′). Define γi :=σiρi for 0  i  D. Observe γ0, γ1, . . . , γD is the
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pseudo-cosine sequence of  associated with ψ , where ψ :=kσρ. Setting i = 1 in (4) and using
θ = kσ we find
1 + a1σ + b1σ2 = kσ 2. (16)
Similarly
1 + a1ρ + b1ρ2 = kρ2, (17)
1 + a1σρ + b1σ2ρ2 = kσ 2ρ2. (18)
To obtain (15), first solve (16) and (17) for σ2 and ρ2, respectively. Then evaluate (18) using this
and simplify the result using θ = kσ , θ ′ = kρ and (2). 
In this paper, we will find all the tight pairs. We will break down the argument into the following
cases: (i) ai = 0 for 0  i  D − 1; (ii) ai = 0 for 0  i  D − 2 and aD−1 = 0; (iii) a1 = 0
and there exists i (2  i  D − 2) such that ai = 0; (iv) a1 = 0.
5. The case ai = 0 (0  i  D − 1)
Let  denote a distance-regular graph with diameter D  3. Recall  is bipartite whenever
ai = 0 for 0  i  D. We say  is almost bipartite whenever aD = 0 and ai = 0 for 0  i 
D − 1.
Lemma 5.1. Let  denote a distance-regular graph with diameter D  3. Assume  is bipartite
or almost bipartite. Given θ ∈ R, let σ0, σ1, . . . , σD denote the pseudo-cosine sequence of 
associated with θ and let ρ0, ρ1, . . . , ρD denote the pseudo-cosine sequence of  associated with
−θ . Then ρi = (−1)iσi for 0  i  D.
Proof. Observe the desired result holds for i = 0 and i = 1 since σ0 = 1 = ρ0 and σ = θk−1 =
−ρ. To show the result holds for 2  i  D we use induction and the fact that ci−1σi−2 +
bi−1σi = θσi−1 and ci−1ρi−2 + bi−1ρi = −θρi−1. 
Corollary 5.2. Letdenote a distance-regular graph with diameterD  3 and valency k. Assume
 is bipartite or almost bipartite. Let ρ0, ρ1, . . . , ρD denote the pseudo-cosine sequence of 
associated with −k. Then ρi = (−1)i for 0  i  D.
Proof. Referring to Lemma 5.1, set θ = k and recall σi = 1 for 0  i  D. 
Theorem 5.3. Let denote a distance-regular graph with diameter D  3 and valency k. Assume
 is bipartite or almost bipartite.
(i) The pair θ, k is tight for all θ ∈ R.
(ii) The pair θ, −k is tight for all θ ∈ R.
(iii)  has no further tight pairs.
Proof. (i) This is from Example 4.3.
(ii) Let σ0, σ1, . . . , σD denote the pseudo-cosine sequence of  associated with θ , and let
ρ0, ρ1, . . . , ρD denote the pseudo-cosine sequence of  associated with −k. We show the
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sequences σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. For 0  i  D define γi :=σiρi .
Recall ρi = (−1)i for 0  i  D by Corollary 5.2 so γi = (−1)iσi . Observe γ0, γ1, . . . , γD is the
pseudo-cosine sequence for −θ by Lemma 5.1. We have now shown the sequences σ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD form a tight pair. It follows the pair θ,−k is tight.
(iii) For θ ∈ R, θ ′ ∈ R, suppose θ , θ ′ is a tight pair but θ = k, θ ′ = k. We show θ = −k
or θ ′ = −k. Applying Lemma 4.4 we find θ , θ ′ satisfy (15). By this and since a1 = 0 we find
(θ + k)(θ ′ + k) = 0. Now θ = −k or θ ′ = −k. The result follows. 
6. Tight pairs θ, θ ′ with θ = θ ′
Let denote a distance-regular graph with diameter D  3 and valency k. Let θ, θ ′ denote real
numbers other than k, and assume the pair θ, θ ′ is tight. Conceivably θ = θ ′; we consider when
this occurs. First suppose  is bipartite or almost bipartite. From Theorem 5.3 we find θ = θ ′ if
and only if each of θ, θ ′ is equal to −k. We now treat the case in which  is neither bipartite nor
almost bipartite.
Lemma 6.1. Let  denote a distance-regular graph with diameter D  3 and valency k. Assume
 is neither bipartite nor almost bipartite. Let θ, θ ′ denote real numbers other than k, and assume
the pair θ, θ ′ is tight. Then θ ′ = θ .
Proof. Applying Lemma 4.4 we find θ , θ ′ satisfy (15). Suppose θ = θ ′. Then the left-hand side
of (15) is a square so it is nonnegative. The right-hand side of (15) is nonpositive so both sides
of (15) are equal to 0. Now a1 = 0. Moreover θ and θ ′ are equal to −k. Let σ0, σ1, . . . , σD
denote the pseudo-cosine sequence of  associated with θ . Since the pair θ, θ is tight we find
σ 20 , σ
2
1 , . . . , σ
2
D is a pseudo-cosine sequence. This is a pseudo-cosine sequence of  associated
with ψ where ψ :=kσ 2. Recall σ = θ/k and we mentioned θ = −k so σ = −1. Apparently
ψ = k so σ 2i = 1 for 0  i  D. We assume  is neither bipartite nor almost bipartite. Therefore
there exists an integer r (0  r  D − 1) such that ar = 0. Assume we have picked the minimal
such r . Observe r  2 since a0 = 0 and a1 = 0. For 0  i < r we apply (4) with θ = −k and
ai = 0 to obtainσj = (−1)j for 0  j  r . We now apply (4) with i = r and θ = −k. Simplifying
the result using σr−1 = (−1)r−1, σr = (−1)r and (12) we obtain
1 − (−1)r+1σr+1 = −2ar/br . (19)
From our above comments σ 2r+1 = 1 so σr+1 = 1 or σr+1 = −1. It follows the left-hand side of
(19) is nonnegative. By construction ar > 0 so the right-hand side of (19) is negative. We now
have a contradiction. We conclude θ = θ ′. 
7. The auxiliary parameter
We now introduce a parameter, which will help us describe the tight pairs.
Theorem 7.1. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of . Then the following are
equivalent:
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(i) σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair.
(ii) There exists a real number ε such that
σiρi − σi−1ρi−1 = ε(σi−1ρi − σiρi−1) (1  i  D). (20)
Proof. Set
γi = σiρi (0  i  D). (21)
(i) ⇒ (ii) By Definition 4.1 the sequence γ0, γ1, . . . , γD is a pseudo-cosine sequence of .
First assume σ = ρ, and let
ε = σρ − 1
ρ − σ . (22)
Pick an integer i (1  i  D). By Lemmas 3.2, 3.3 and Eq. (22) we have
σiρi − σi−1ρi−1 = γi − γi−1
= (γ − 1) c1c2 · · · ci−1
b1b2 · · · bi−1
i−1∑
h=0
khγh
= (σρ − 1) c1c2 · · · ci−1
b1b2 · · · bi−1
i−1∑
h=0
khσhρh
= (σρ − 1)σiρi−1 − σi−1ρi
σ − ρ
= ε(σi−1ρi − σiρi−1),
as desired. Next assume σ = ρ. Observe  is bipartite or almost bipartite in view of Lemma 6.1.
By Theorem 5.3 and since kσ , kρ form a tight pair we find each of kσ, kρ is equal to −k. Now
by Corollary 5.2 each of σi , ρi is equal to (−1)i for 0  i  D. It follows (20) holds for any real
number ε.
(ii) ⇒ (i) Assume (20) holds for some real number ε. We show γ0, γ1, . . . , γD is a pseudo-
cosine sequence of . By Lemma 3.3(i) and (iii) it suffices to show
(γ − 1)
i∑
h=0
khγh = b1b2 · · · bi
c1c2 · · · ci (γi+1 − γi) (23)
for 0  i  D − 1. Pick an integer i (0  i  D − 1). By Lemma 3.2 we have
(σ − ρ)
i∑
h=0
khσhρh = b1b2 · · · bi
c1c2 · · · ci (σi+1ρi − σiρi+1) . (24)
Setting i = 1 in (20) we get
σρ − 1 = ε(ρ − σ). (25)
Multiplying Eq. (24) by ε and simplifying the result using (25), (20) and (21) gives (23) as
desired. 
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Definition 7.2. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a tight pair. By
an auxiliary parameter for this pair we mean a real number ε which satisfies Theorem 7.1(ii).
With reference to Definition 7.2, we have the following comment on the uniqueness of the
auxiliary parameter. Suppose σ = ρ. Then ε is an auxiliary parameter for all ε ∈ R. Suppose
σ = ρ. Setting i = 1 in (20) we find the auxiliary parameter satisfies
ε = σρ − 1
ρ − σ . (26)
In this case, the auxiliary parameter is unique.
8. When can σi−1 = σi?
Let  denote a distance-regular graph with diameter D  3. Assume σ0, σ1, . . . , σD and
ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a tight pair. Let ε
denote a corresponding auxiliary parameter. A bit later in this paper, we discuss certain rational
expressions involvingσ0, σ1, . . . , σD and ε which contain in the denominator the factorsσi−1 − σi
for 1  i  D. To prepare for this discussion, we investigate how these factors can be zero.
Lemma 8.1. Let denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD and
ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a tight pair. Assume
this pair has auxiliary parameter ε = 1. Then
(σi−1 − σi)(ρi−1 + ρi) = 0 (1  i  D). (27)
Proof. To get (27) set ε = 1 in (20). 
Lemma 8.2. Let  denote a distance-regular graph with diameter D  3. Assume  is neither
bipartite nor almost bipartite. Let σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-
cosine sequences of  which form a tight pair. Assume this pair has auxiliary parameter ε = 1.
Then the following (i)–(iii) hold:
(i) ρi = (−1)i for 0  i  D − 1 and ρD = (−1)D .
(ii) σD−1 = σD .
(iii) ai = 0 for 0  i  D − 2 and aD−1 = 0.
Proof. (i) Recall ρ0 = 1. Setting i = 1 in (27) and recalling σ0 = 1, σ = 1 we find ρ = −1.
Let r denote the maximal integer (0  r  D) such that ρi = (−1)i for 0  i  r . We show
r = D − 1. From our preliminary comments r  1. Observe r = D; otherwise  is bipartite or
almost bipartite in view of Lemma 3.7. Suppose r  D − 2. By the construction ρr−1 + ρr = 0
and ρr + ρr+1 = 0. Applying Lemma 8.1 we find σr = σr+1. Observe σr+1 = σr+2 by Lemma
3.6 so ρr+1 + ρr+2 = 0 by Lemma 8.1. Now ρr + ρr+1 = 0 by Lemma 3.7, a contradiction.
Hence r = D − 1.
(ii) Apply (27) with i = D and observe ρD−1 + ρD = 0 by (i) above.
(iii) Recall a0 = 0. We find ai = 0 for 1  i  D − 2 by Lemma 3.7 and since ρi = (−1)i
for 0  i  D − 1. Observe aD−1 = 0; otherwise  is bipartite or almost bipartite, contradicting
our assumption. 
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Lemma 8.3. Let denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD and
ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a tight pair. Assume
this pair has auxiliary parameter ε = −1. Then
(σi−1 + σi)(ρi−1 − ρi) = 0 (1  i  D). (28)
Proof. To get (28) set ε = −1 in (20). 
Lemma 8.4. Let  denote a distance-regular graph with diameter D  3. Assume  is neither
bipartite nor almost bipartite. Let σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-
cosine sequences of  which form a tight pair. Assume this pair has auxiliary parameter ε = −1.
Then the following (i)–(iii) hold:
(i) σi = (−1)i for 0  i  D − 1 and σD = (−1)D .
(ii) ρD−1 = ρD .
(iii) ai = 0 for 0  i  D − 2 and aD−1 = 0.
Proof. In the proof of Lemma 8.2 interchange the roles of σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD .

Lemma 8.5. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a tight pair.
Let ε denote a corresponding auxiliary parameter and assume ε /∈ {1,−1}. Then σi−1 = σi and
ρi−1 = ρi for 1  i  D.
Proof. First assume σ = ρ. Observe  is bipartite or almost bipartite in view of Lemma 6.1.
Applying Theorem 5.3 we find σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD are pseudo-cosine sequences
of associated with −k. By Corollary 5.2 we have σi = ρi = (−1)i for 0  i  D; so σi−1 = σi
and ρi−1 = ρi for 1  i  D as desired.
Next assume σ = ρ. Then ε is as in (26). Suppose there exists an integer i (1  i  D) such
that σi−1 = σi . Since σ0 = 1 and σ = 1 we find i  2. Without loss of generality, we may assume
σi−2 = σi−1. By Lemma 3.5 the common value of σi−1, σi is nonzero. Setting σi−1 = σi in (20)
and simplifying we find (ε − 1)(ρi−1 − ρi) = 0. We assume ε = 1 so ρi−1 = ρi . From Lemma
3.3(ii) (with i replaced by i − 1) we find
ci−1(σi−2 − σi−1) = k(σ − 1)σi−1, (29)
ci−1(ρi−2 − ρi−1) = k(ρ − 1)ρi−1. (30)
Combining (29) and (30) we obtain
(σi−2 − σi−1)(ρ − 1)ρi−1 = (ρi−2 − ρi−1)(σ − 1)σi−1. (31)
By (20) (with i replaced by i − 1) we find
σi−1ρi−1 − σi−2ρi−2 = ε(σi−2ρi−1 − σi−1ρi−2). (32)
Adding (σ − 1)σi−1 times (32) and εσi−1 − σi−2 times (31), and simplifying the result using
(26), we routinely find σi−2 = σσi−1. Evaluating (29) using this we find ci−1 = k, a contradict-
ion. 
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Corollary 8.6. Let denote a distance-regular graph with diameter D  3 and intersection num-
ber a1 = 0. Let σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of
 which form a tight pair. Let ε denote the corresponding auxiliary parameter. Then ε /∈ {1,−1}.
Moreover σi−1 = σi and ρi−1 = ρi for 1  i  D.
Proof. We assume a1 = 0; therefore is neither bipartite nor almost bipartite. Suppose ε = 1. By
Lemma 8.2(iii) and since D  3 we find a1 = 0 for a contradiction. Suppose ε = −1. By Lemma
8.4(iii) and since D  3 we find a1 = 0 for a contradiction. Apparently ε /∈ {1,−1}. Applying
Lemma 8.5 we find σi−1 = σi and ρi−1 = ρi for 1  i  D. 
9. The case ai = 0 (0  i  D − 2), aD−1 = 0
Lemma 9.1. Let  denote a distance-regular graph with diameter D  3 and valency k. Assume
ai = 0 for 0  i  D − 2 and aD−1 = 0. Let σ0, σ1, . . . , σD denote the pseudo-cosine sequence
of  associated with −k. Then σi = (−1)i for 0  i  D − 1 and
(−1)DσD = 1 + 2aD−1/bD−1. (33)
Proof. The sequence σ0, σ1, . . . , σD satisfies (4) with θ = −k. It follows ciσi−1 + biσi+1 =
−kσi for 0  i  D − 2. Using this and (2), we routinely verify by induction that σi = (−1)i for
0  i  D − 1. To get (33) evaluate (4) at i = D − 1 and simplify using (2). 
Let denote a distance-regular graph with diameter D  3. Assume ai = 0 for 0  i  D − 2
and aD−1 = 0. In what follows, we will be concerned with the matrix

0 b0 0
c1 0 b1
c2 0 ·
· · bD−3
cD−2 0 bD−2
0 cD−1 k − cD−1


. (34)
We make a routine observation.
Lemma 9.2. Let  denote a distance-regular graph with diameter D  3. Assume ai = 0 for
0  i  D − 2 and aD−1 = 0. Given scalars σ0, σ1, . . . , σD−1, θ ∈ R, the following are equiv-
alent:
(i) θ is an eigenvalue of the matrix (34), and (σ0, σ1, . . . , σD−1)t is a corresponding eigen-
vector, scaled so that σ0 = 1.
(ii) σ0, σ1, . . . , σD−1, σD−1 is the pseudo-cosine sequence of  associated with θ .
Lemma 9.3. Let  denote a distance-regular graph with diameter D  3 and valency k. Assume
ai = 0 for 0  i  D − 2 and aD−1 = 0. Let θ denote any eigenvalue of the matrix (34). Then
the following (i)–(iv) hold:
(i) θ ∈ R.
(ii) Let σ0, σ1, . . . , σD denote the pseudo-cosine sequence of associated with θ . Then σD−1 =
σD .
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(iii) The pair θ, −k is tight.
(iv) The auxiliary parameter for θ, −k is 1.
Proof. (i) Denote the matrix (34) by G. Observe G is tridiagonal. The entries on the
superdiagonal and subdiagonal of G are positive. Therefore there exists a diagonal matrix N
such that NGN−1 is symmetric and has all entries real [4, p. 174]. We now see the eigenvalues
of NGN−1 are real. The matrices G and NGN−1 have the same eigenvalues, so the eigenvalues
of G are real.
(ii) The requirement that (σ0, σ1, . . . , σD−1)t be an eigenvector of the matrix (34) with σ0 = 1
is the same as the requirement that σ0, σ1, . . . , σD−1, σD−1 be the pseudo-cosine sequence of 
associated with θ .
(iii), (iv) Let σ0, σ1, . . . , σD denote the pseudo-cosine sequence of  associated with θ and
let ρ0, ρ1, . . . , ρD denote the pseudo-cosine sequence of  associated with −k. Define ε = 1. By
Lemma 9.1, we have ρi = (−1)i for 0  i  D − 1. By this and since σD−1 = σD we find (20)
holds. Applying Theorem 7.1 we find σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Now
the pair θ,−k is tight. By construction the auxiliary parameter for this pair is 1. 
Theorem 9.4. Let denote a distance-regular graph with diameter D  3 and valency k. Assume
ai = 0 for 0  i  D − 2 and aD−1 = 0. Then the following (i)–(iii) hold:
(i) The pair θ, k is tight for all θ ∈ R.
(ii) The pair θ, −k is tight for any eigenvalue θ of the matrix (34).
(iii)  has no further tight pairs.
Proof. (i) This is from Example 4.3.
(ii) Follows from Lemma 9.3(ii).
(iii) Let θ , θ ′ denote a tight pair such that θ = k, θ ′ = k. Applying Lemma 4.4 we find θ , θ ′
satisfy (15). By this and since a1 = 0 we find (θ + k)(θ ′ + k) = 0. Now θ = −k or θ ′ = −k.
Without loss of generality, we assume θ ′ = −k. Let ε denote the auxiliary parameter for θ,−k.
By (26) (with ρ = −1) we find ε = 1. By Lemmas 9.2 and 8.2(ii) we find θ is an eigenvalue of
the matrix (34). The result follows. 
10. The case a1 = 0 and there exists i (2  i  D − 2) such that ai = 0
Theorem 10.1. Let  denote a distance-regular graph with diameter D  4 and valency k.
Assume a1 = 0 and there exists i (2  i  D − 2) such that ai = 0.
(i) The pair θ, k is tight for all θ ∈ R.
(ii)  has no further tight pairs.
Proof. Let θ , θ ′ denote a tight pair such that θ = k, θ ′ = k. Applying Lemma 4.4 we find θ , θ ′
satisfy (15). By this and since a1 = 0 we find (θ + k)(θ ′ + k) = 0. Now θ = −k or θ ′ = −k.
Without loss of generality we assume θ ′ = −k. Let ε denote the auxiliary parameter for θ , −k.
By (26) (with ρ = −1) we find ε = 1. By Lemma 8.2(iii) we find ai = 0 for 0  i  D − 2, a
contradiction. 
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11. The case a1 = 0
The rest of this paper concerns the case a1 = 0. Let denote a distance-regular graph with dia-
meterD  3 anda1 = 0. Suppose we are given nontrivial pseudo-cosine sequencesσ0, σ1, . . . , σD
and ρ0, ρ1, . . . , ρD of  which form a tight pair. Let ε denote the corresponding auxiliary
parameter. Pick an integer i (1  i  D). Note (20) holds; rearranging the terms in (20) we
obtain
ρi−1(σi−1 − εσi) = ρi(σi − εσi−1). (35)
We would like to solve for ρi−1 in (35). However the coefficient σi−1 − εσi might be zero. In
the following lemma we investigate this possibility.
Lemma 11.1. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a
tight pair. Let ε denote the corresponding auxiliary parameter. For 1  i  D − 1 the following
(i)–(iv) are equivalent:
(i) σi−1 = εσi .
(ii) σi+1 = εσi .
(iii) σi−1 = σi+1.
(iv) ρi = 0.
Proof. Recall line (20) holds.
(i) ⇒ (iv) We replace σi−1 by εσi in (20) to obtain σiρi(1 − ε2) = 0. Observe ε /∈ {1,−1} by
Corollary 8.6. Assume for the moment that σi = 0. It follows from the assumption that σi−1 = 0.
So σi−1 = σi contradicting Corollary 8.6. Thus, σi = 0 so ρi = 0.
(iv) ⇒ (i) Setting ρi = 0 in (20) we obtain ρi−1(σi−1 − εσi) = 0. Observe ρi−1 = 0 by
Lemma 3.5 so σi−1 = εσi .
(ii) ⇔ (iv) Similar to the proof of (i) ⇔ (iv).
(i), (ii) ⇒ (iii) Clear.
(iii) ⇒ (i) Adding (20) at i and i + 1 we obtain
σi+1ρi+1 − σi−1ρi−1 = ε(σiρi+1 − σi+1ρi + σi−1ρi − σiρi−1).
Replacing σi+1 by σi−1 in the above line and simplifying, we obtain
(σi−1 − εσi)(ρi+1 − ρi−1) = 0. (36)
We showρi+1 − ρi−1 = 0. Supposeρi+1 = ρi−1. Using this and Lemma 3.6 we haveρi−1 − ρi =
0. Applying Lemma 3.4 to ρ0, ρ1, . . . , ρD we obtain
ai
k
= ρi−1 − ρρi
ρi−1 − ρi . (37)
Similarly since σi+1 = σi−1 we have σi−1 − σi = 0 and
ai
k
= σi−1 − σσi
σi−1 − σi . (38)
Combining (37) and (38) we obtain
(σi−1 − σσi)(ρi−1 − ρi) = (σi−1 − σi)(ρi−1 − ρρi). (39)
We view (20) and (39) as a homogeneous system of linear equations in σi−1 and σi . We find that
the coefficient matrix of this linear system is given by
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C =
(
ερi + ρi−1 −ρi − ερi−1
(ρ − 1)ρi ρi−1(1 − σ) + ρi(σ − ρ)
)
.
Observe σ = ρ by Lemma 6.1 so (26) holds. Computing the determinant of C and evaluating
the result using (26) we find det C = (ρi−1 − ρi)(1 − σ)(ρi−1 − ρρi). We mentioned earlier
that ρi−1 − ρi = 0. Observe 1 − σ = 0 since the sequence σ0, σ1, . . . , σD is nontrivial. Observe
ρi−1 − ρρi = 0; otherwise ai = 0 in view of (37), contradicting Lemma 2.1. We now see that
det C = 0 so C is nonsingular. Therefore σi−1 = 0 and σi = 0. This contradicts Lemma 3.5.
Thus, we have shown ρi+1 − ρi−1 = 0. By this and (36) we find σi−1 = εσi . 
Corollary 11.2. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a
tight pair. Let ε denote the corresponding auxiliary parameter. Pick an integer i (1  i  D − 1)
and assume the equivalent conditions (i)–(iv) of Lemma 11.1 do not hold. Then both
ρi−1 = ρi σi − εσi−1
σi−1 − εσi , (40)
ρi+1 = ρi σi − εσi+1
σi+1 − εσi . (41)
Proof. Observe (20) holds. Rearranging terms we find
ρi−1(σi−1 − εσi) = ρi(σi − εσi−1). (42)
Observe σi−1 − εσi = 0 by Lemma 11.1(i); solving (42) for ρi−1 we obtain (40). Replacing i by
i + 1 in (42) and rearranging terms we obtain
ρi+1(σi+1 − εσi) = ρi(σi − εσi+1). (43)
Observe σi+1 − εσi = 0 by Lemma 11.1(ii). Solving (43) for ρi+1 we get (41). 
12. Tight pseudo-cosine sequences
Let denote a distance-regular graph with diameter D  3 and a1 = 0. Let σ0, σ1, . . . , σD de-
note a nontrivial pseudo-cosine sequence of. We want to prove that there exists at most one non-
trivial pseudo-cosine sequence ρ0, ρ1, . . . , ρD of  such that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD
form a tight pair. To do this we need a lemma.
Lemma 12.1. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Suppose
there exist real numbers θ, θ ′, θ ′′ such that (i) none of θ, θ ′, θ ′′ is equal to the valency k; (ii) the
pair θ, θ ′ is tight; and (iii) the pair θ, θ ′′ is tight. Then θ ′ = θ ′′.
Proof. By Lemma 4.4 the pair θ , θ ′ satisfies (15). Similarly the pair θ , θ ′′ satisfies (15). In line (15),
the right-hand side is nonzero so θ + k/(a1 + 1) is nonzero. By these comments, θ ′ = θ ′′. 
Corollary 12.2. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a nontrivial pseudo-cosine sequence of. Then there exists at most one non-
trivial pseudo-cosine sequence ρ0, ρ1, . . . , ρD of  such that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD
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form a tight pair. Suppose ρ0, ρ1, . . . , ρD exists. Then the corresponding auxiliary parameter is
unique.
Proof. The first assertion follows from Lemma 12.1. The auxiliary parameter is unique by Lemma
6.1 and the comment at the end of Definition 7.2. 
Definition 12.3. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a nontrivial pseudo-cosine sequence of . We say this sequence is tight
whenever there exists a nontrivial pseudo-cosine sequence ρ0, ρ1, . . . , ρD of  such that σ0,
σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. By the auxiliary parameter for σ0, σ1, . . . , σD
we mean the auxiliary parameter for the tight pair σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD .
Lemma 12.4. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a nontrivial pseudo-cosine sequence which is tight. Let ε denote the
corresponding auxiliary parameter. Then the following (i)–(iv) hold:
(i) σ2 = 1.
(ii) εσ = 1.
(iii) σ2 = εσ .
(iv) σ2 = σ 2.
Proof. By Definition 12.3 there exists a nontrivial pseudo-cosine sequence ρ0, ρ1, . . . , ρD such
that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Thus (20) holds.
(i) We assume σ2 = 1 and obtain a contradiction. Setting i = 3 in (20) we find
σ3ρ3 − σ2ρ2 − ε(σ2ρ3 − σ3ρ2) = 0. (44)
We evaluate the terms on the left-hand side of (44). We assume σ2 = 1; therefore the equivalent
conditions (i)–(iv) hold in Lemma 11.1 for i = 1. Setting i = 1 in Lemma 11.1(iv) we find ρ = 0.
Similarly using Lemma 11.1(i) we find εσ = 1. It follows that σ = 0 and ε = 1/σ . Setting i = 1
in (13), solving for σ and eliminating a1 in the result using (2) we get
σ = −1 + b1
k
. (45)
By this and since ε = 1/σ we find
ε = − k
1 + b1 . (46)
Setting i = 2 in (4), solving for σ3 and eliminating c2, σ in the result using (2) and (45) we get
σ3 = − (a2 + b2)(1 + b1) + ka2
kb2
. (47)
Applying (4) to the sequence ρ0, ρ1, . . . , ρD we find
ciρi−1 + aiρi + biρi+1 = kρρi (0  i  D − 1). (48)
Setting i = 1, 2 in (48) and solving for ρ2, ρ3, respectively, using ρ = 0 we obtain
ρ2 = −b1−1, (49)
ρ3 = a2b1−1b2−1. (50)
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Evaluating (44) using (45)–(47) and (49), (50) we routinely obtain
−a2 (a2 + b2)(1 + b1 + k)
b1b
2
2k
= 0.
It follows a2 = 0. However a2 = 0 by Lemma 2.1 and since a1 = 0. We have now shown σ2 = 1.
(ii), (iii) Immediate from (i) above and Lemma 11.1.
(iv) Suppose σ2 = σ 2. Setting i = 1 in (13) and since σ = 1 we find σ = −1/(a1 + 1). Setting
θ = kσ, θ ′ = kρ in Eq. (15) we find that the left-hand side is 0 while the right-hand side is nonzero.
This violates Lemma 4.4. Thus σ2 = σ 2. 
Lemma 12.5. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD denote nontrivial pseudo-cosine sequences of  which form a
tight pair. Let ε denote the corresponding auxiliary parameter. Then the following (i)–(iii) hold:
(i) σ = ε.
(ii) ρ = 1−εσ
σ−ε .
(iii) ρ2 = ρ(σ−εσ2)σ2−εσ .
Proof. (i) Suppose σ = ε. Then setting i = 1 in (20) we find ε2 = 1; contradicting Corollary 8.6.
(ii) Solve (26) for ρ.
(iii) Set i = 1 in (41). 
13. The intersection numbers
Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Suppose we are
given a nontrivial pseudo-cosine sequence σ0, σ1, . . . , σD of  which is tight. Let ε denote the
corresponding auxiliary parameter. In this section we compute the intersection numbers in terms
of σ0, σ1, . . . , σD and ε.
We begin with the valency k.
Lemma 13.1. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a nontrivial pseudo-cosine sequence of  which is tight. Let ε denote
the corresponding auxiliary parameter. Then the valency k satisfies
k = hσ − ε
σ − 1 , (51)
where
h = (1 − σ)(1 − σ2)
(σ 2 − σ2)(1 − εσ ) . (52)
(Observe the denominator in (51) is nonzero since σ0, σ1, . . . , σD is nontrivial. Moreover the
denominator in (52) is nonzero by Lemma 12.4.)
Proof. By Definition 12.3 there exists a nontrivial pseudo-cosine sequence ρ0, ρ1, . . . , ρD such
that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Since σ0, σ1, . . . , σD is a pseudo-cosine
sequence we find it satisfies (8). Setting i = 1 in (8) we get
k(σ 2 − σ) + b1(σ − σ2) = 1 − σ. (53)
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Similarly
k(ρ2 − ρ) + b1(ρ − ρ2) = 1 − ρ. (54)
We view (53) and (54) as a system of linear equations in k and b1. The coefficient matrix is
E =
(
σ 2 − σ σ − σ2
ρ2 − ρ ρ − ρ2
)
.
Evaluating the determinant of E using Lemma 12.5(ii) and (iii) we find that
det E = (1 + ε)(1 − σ)(1 − εσ )(σ − σ2)(σ
2 − σ2)
(σ − ε)2(σ2 − εσ ) .
We show det E = 0. Observe 1 + ε = 0 by Corollary 8.6, 1 − σ = 0 since the sequence σ0,
σ1, . . . , σD is nontrivial, 1 − εσ = 0 by Lemma 12.4(ii), σ − σ2 = 0 by Corollary 8.6 and σ 2 −
σ2 = 0 by Lemma 12.4(iv). We have now shown det E = 0. Solving the system (53) and (54),
we find
k = − (σ − ε)(1 − σ2)
(σ 2 − σ2)(1 − εσ ) .
The desired result follows. 
Lemma 13.2. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a nontrivial pseudo-cosine sequence of  which is tight. Let ε denote
the corresponding auxiliary parameter. Then
ai = g (σi+1 − σσi)(σi−1 − σσi)
(σi+1 − σi)(σi−1 − σi) (1  i  D − 1) (55)
where
g = (ε − 1)(1 − σ2)
(σ 2 − σ2)(1 − εσ ) . (56)
(Observe the denominator in (55) is nonzero by Corollary 8.6. Moreover the denominator in (56)
is nonzero by Lemma 12.4.)
Proof. By Definition 12.3 there exists a nontrivial pseudo-cosine sequence ρ0, ρ1, . . . , ρD such
that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Pick an integer i (1  i  D − 1). By
Lemma 3.4 and since σ0, σ1, . . . , σD is a pseudo-cosine sequence we find
ci(σi+1 − σi−1) + ai(σi+1 − σi) = k(σi+1 − σσi). (57)
Similarly
ci(ρi+1 − ρi−1) + ai(ρi+1 − ρi) = k(ρi+1 − ρρi). (58)
We solve (57) and (58) for ai . We consider two cases. First assume σi+1 − σi−1 = 0. We view
(57) and (58) as a system of linear equations in ci and ai . The coefficient matrix of the above
system is given by
F =
(
σi+1 − σi−1 σi+1 − σi
ρi+1 − ρi−1 ρi+1 − ρi
)
.
We evaluate the determinant of F . We assume σi+1 = σi−1 so Corollary 11.2 applies; therefore
ρi−1 and ρi+1 in F are given by (40) and (41), respectively. Eliminating ρi−1 and ρi+1 in F using
(40) and (41) we get
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det F = ρi (1 + ε)(σi−1 − σi)(σi+1 − σi)(σi−1 − σi+1)
(σi−1 − εσi)(σi+1 − εσi) .
We show det F = 0. Observe ρi = 0 by Lemma 11.1 and since σi+1 = σi−1. Observe 1 + ε = 0,
σi−1 − σi = 0 and σi+1 − σi = 0 by Corollary 8.6. Now det F = 0. Solving (57) and (58), for
ai and then evaluating the result using Corollary 11.2, Lemmas 12.5(ii) and 13.1 we routinely
obtain (55) and (56). We have now proved the result for the case σi+1 − σi−1 = 0. Next assume
σi+1 − σi−1 = 0. Observe σi+1 − σi = 0 by Lemma 3.6. Solving for ai in (57) we get
ai = k σi+1 − σσi
σi+1 − σi . (59)
Eliminating k in (59) using (51) and (52) we get
ai = (1 − σ2)(ε − σ)(σi+1 − σσi)
(σ 2 − σ2)(1 − εσ )(σi+1 − σi) . (60)
We eliminate ε − σ in (60). By Lemma 11.1 and since σi+1 = σi−1 we find σi−1 = εσi .
Observe σi−1 − σi = 0 by Corollary 8.6. Using these facts we find
ε − σ = (ε − 1)(σi−1 − σσi)
σi−1 − σi . (61)
Eliminating ε − σ in (60) using (61) we get (55) and (56). 
Lemma 13.3. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a nontrivial pseudo-cosine sequence of  which is tight. Let ε denote
the corresponding auxiliary parameter. Then
bi(σi−1 − σi+1) = h(σi−1 − σσi)(σi+1 − εσi)
σi+1 − σi (1  i  D − 1), (62)
ci(σi+1 − σi−1) = h(σi+1 − σσi)(σi−1 − εσi)
σi−1 − σi (1  i  D − 1), (63)
where h is as in (52). (Observe the denominators in (62), (63) are nonzero by Corollary 8.6.)
Proof. To obtain (62), in line (12) evaluate k and ai using Lemmas 13.1 and 13.2, respectively.
Line (63) is similarly obtained. 
14. The classifying space
Let  denote a distance-regular graph with diameter D  3 and a1 = 0. In this section, we
give all the tight pairs for . To do this we define the tight pair classifying space for . We start
with a definition and a lemma.
Definition 14.1. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD and ε denote real numbers such that σ0 = 1. We consider several conditions on
these scalars.
(i) By condition A we mean ε = −1, Eqs. (55) and (56) hold and the denominators in (55) and
(56) are nonzero.
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(ii) By condition B we mean Eqs. (62) and (52) hold and the denominators in (62) and (52) are
nonzero.
(iii) By condition C we mean Eqs. (51), (63) and (52) hold and the denominators in (51), (63)
and (52) are nonzero.
Lemma 14.2. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD and ε denote real numbers such that σ0 = 1. Then with reference to Definition
14.1 the following (i)–(iv) are equivalent:
(i) σ0, σ1, . . . , σD is a tight nontrivial pseudo-cosine sequence and ε is the corresponding
auxiliary parameter.
(ii) σ0, σ1, . . . , σD is a nontrivial pseudo-cosine sequence and σ0, σ1, . . . , σD, ε satisfy A.
(iii) σ0, σ1, . . . , σD, ε satisfy both A and B.
(iv) σ0, σ1, . . . , σD, ε satisfy both A and C.
Proof. (i) ⇒ (ii) By Definition 12.3 there exists a nontrivial pseudo-cosine sequence ρ0,
ρ1, . . . , ρD such that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Applying Corollary
8.6 to this pair we find ε = −1. The result follows by Lemma 13.2.
(ii) ⇒ (iii) We verify that σ0, σ1, . . . , σD, ε satisfy condition B. In each of (62) and (52), the
denominator is nonzero because each factor in this denominator is in the denominator of (55) and
(56). We now verify (62) and (52). Observe Lemma 3.4(i) holds. Applying that lemma we find
(12) and (13) hold. Setting i = 1 in (13) we find k(σ 2 − σ2) = 1 − σ2 + a1(σ − σ2). Observe
σ 2 − σ2 is not zero since it is a factor in the denominator of (56). Solving the equation for k and
simplifying the result using (55) we obtain (51) and (52). Evaluating (12) using this and (55) we
obtain (62). The result follows.
(iii) ⇒ (iv) We verify that σ0, σ1, . . . , σD, ε satisfy condition C. The denominator in (52) is
nonzero by condition B. In each of (51) and (63), the denominator is nonzero because each factor
in this denominator is in the denominator of (52), (55), (56) and (62). We now verify (51), (63)
and (52). In order to do this we first obtain (51). Observe that in (62) the coefficient of b1 is equal
to 1 − σ2. This coefficient is not zero; if it is then g = 0 in view of (56) which implies a1 = 0 for
a contradiction. Now to obtain (51), simplify the right-hand side of k = b1 + a1 + 1 using (55),
(62), (56) and (52). We now have (51). To obtain (63), expand the left-hand side using (2) and
simplify the result using (55), (51) and (62).
(iv) ⇒ (ii) We show σ0, σ1, . . . , σD is a nontrivial pseudo-cosine sequence of . To do this
we apply Lemma 3.4(i) and (iii). Using (55), (51), (63) and the fact that g = h ε−11−σ from (52)
and (56) we routinely verify (13). Observe Lemma 3.4(iii) holds. Applying that lemma we find
σ0, σ1, . . . , σD is a pseudo-cosine sequence of . We remark σ = 1 since 1 − σ is in the denom-
inator of (55). Therefore σ0, σ1, . . . , σD is nontrivial.
(ii), (iii), (iv) ⇒ (i) Observe σ = 1 since σ0, σ1, . . . , σD is nontrivial. Observe σ = ε by (51)
and since k = 0. Define
ρ = 1 − εσ
σ − ε . (64)
Let ρ0, ρ1, . . . , ρD denote the pseudo-cosine sequence of  associated with kρ. Observe ρ = 1;
otherwise σ = 1 or ε = −1 for a contradiction. Therefore ρ0, ρ1, . . . , ρD is nontrivial. We show
σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. To do this we apply Theorem 7.1. Specifically
we show that for any integer i (1  i  D)
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ρi(σi − εσi−1) = ρi−1(σi−1 − εσi). (65)
We do this by induction on i. Observe that when i = 1 (65) holds in view of (64). Now pick an inte-
ger i (1  i  D − 1) and assume (65) holds. We show that ρi+1(σi+1 − εσi) = ρi(σi − εσi+1).
This will follow provided we can show
biρi+1(σi+1 − εσi) − biρi(σi − εσi+1) = 0. (66)
We evaluate the expression on the left-hand side of (66) in the following manner. In that
expression, we eliminate the first occurrence ofbi using (4) and we eliminate the second occurrence
of bi using (2). We conclude the left-hand side of (66) is equal to x + y + z where
x = kρρi(σi+1 − εσi) − kρi(σi − εσi+1) − aiρi(σi+1 − σi)(1 + ε), (67)
y = −ciρi−1(σi+1 − σi−1), (68)
z = ciρi(σi − εσi+1) − ciρi−1(σi−1 − εσi). (69)
Eliminating ρi−1(σi−1 − εσi) in (69) using (65) we get
y + z = −ci(σi+1 − σi−1)(ρi−1 + ερi). (70)
We now simplify x + y + z. In (67) we eliminate ai , k, ρ using (55), (51), (64), and simplify
the result using the fact that g = h ε−11−σ from (56), (52); and in (70) we eliminate ci(σi+1 − σi−1)
using (63). We routinely obtain x + y + z is equal to hσi+1−σσi
σi−1−σi times  where  is the left-hand
side of (65) minus the right-hand side of (65). Observe  = 0 by (65) so x + y + z = 0. Thus we
have (66). We have now shown by induction that (65) holds for 1  i  D. Applying Theorem
7.1 we find σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight pair. Comparing (26) and (64), we
find ε is the corresponding auxiliary parameter. By Definition 12.3 we find σ0, σ1, . . . , σD is tight
and ε is the corresponding auxiliary parameter. 
We now define the classifying space.
Definition 14.3. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let 
denote the set
 = {(σ0, σ1, . . . , σD, ε) | σ0, σ1, . . . , σD, ε ∈ R; σ0 = 1; (i)–(iv) hold in Lemma 14.2}.
We call  the tight pair classifying space for .
Theorem 14.4. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let 
denote the set
 = {(θ, θ ′) | θ, θ ′ ∈ R; θ = k; θ ′ = k; θ, θ ′ form a tight pair}.
Let denote the tight pair classifying space for . We give a bijection from to. This bijection
sends (θ, θ ′) to (σ0, σ1, . . . , σD, ε) where σ0, σ1, . . . , σD is the pseudo-cosine sequence for θ and
ε is the auxiliary parameter for θ, θ ′.
Proof. Given (θ, θ ′) ∈ . Let σ0, σ1, . . . , σD denote the pseudo cosine sequence for θ . Let ε de-
note the auxiliary parameter for θ, θ ′. We check (σ0, σ1, . . . , σD, ε)∈. Observeσ0, σ1, . . . , σD ∈
R and σ0 = 1. Observe σ0, σ1, . . . , σD, ε satisfy Lemma 14.2(i) by Definition 12.3. Therefore
(σ0, σ1, . . . , σD, ε) ∈ . Let f :  →  denote the function which sends (θ, θ ′) to (σ0, σ1, . . . ,
σD, ε). We show that f is a bijection. First we show f is one-to-one. Given pairs (θ, θ ′) and
A.A. Pascasio, P. Terwilliger / Linear Algebra and its Applications 419 (2006) 532–555 553
(θˆ , θˆ ′) in , suppose f sends each of these pairs to (σ0, σ1, . . . , σD, ε) in . Then θ = kσ1 = θˆ .
It follows θ ′ = θˆ ′ by Lemma 12.1. We have shown f is one-to-one. Next we show f is onto.
Let (σ0, σ1, . . . , σD, ε) ∈ . By Lemma 14.2(i), σ0, σ1, . . . , σD is a nontrivial pseudo-cosine
sequence of  which is tight. Set θ = kσ1. By Definition 12.3 there exists a real number θ ′ = k
such that the pair θ, θ ′ is tight. Observe (θ, θ ′) ∈  and f sends (θ, θ ′) to (σ0, σ1, . . . , σD, ε).
Thus f is onto. 
15. Feasible pseudo-cosine sequences
Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Suppose we are given
a nontrivial pseudo-cosine sequence σ0, σ1, . . . , σD of  which is tight. In view of Lemma 13.3
it is natural to consider the case in which σi−1 = σi+1 for 1  i  D − 1. We now investigate
this case.
Definition 15.1. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a pseudo-cosine sequence of . We say this sequence is feasible whenever
the following (i) and (ii) hold:
(i) σi−1 = σi+1 for 1  i  D − 1,
(ii) σ0, σ1, . . . , σD is tight.
Theorem 15.2. Let  denote a distance-regular graph with diameter D  3. Let σ0, σ1, . . . , σD
and ε, h denote real numbers. Then the following (i) and (ii) are equivalent:
(i) a1 = 0; the sequence σ0, σ1, . . . , σD is a feasible pseudo-cosine sequence of , ε is the
corresponding auxiliary parameter, and
h = (1 − σ)(1 − σ2)
(σ 2 − σ2)(1 − εσ ) . (71)
(ii) σ0 = 1, ε = 1, ε = −1,
k = hσ − ε
σ − 1 , (72)
bi = h(σi−1 − σσi)(σi+1 − εσi)
(σi−1 − σi+1)(σi+1 − σi) (1  i  D − 1), (73)
ci = h(σi+1 − σσi)(σi−1 − εσi)
(σi+1 − σi−1)(σi−1 − σi) (1  i  D − 1), (74)
and the denominators in (72)–(74) are nonzero.
Proof. (i) ⇒ (ii) Observe σ0 = 1 by Lemma 3.4 and since σ0, σ1, . . . , σD is a pseudo-cosine
sequence of . By Corollary 8.6 we have ε /∈ {1,−1}. The remaining assertions follow from
Lemma 14.2.
(ii) ⇒ (i) First we show (71). Setting i = 1 in (74) and solving for h using the fact that c1 = 1
we get (71). Observeh = 0; otherwise k = 0. Next we show thatσ0, σ1, . . . , σD is a pseudo-cosine
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sequence of . To do this we apply Lemma 3.3(i) and (ii). Using (72)–(74) we routinely verify
that (8) holds. By Lemma 3.3 σ0, σ1, . . . , σD is a pseudo-cosine sequence of . This sequence is
nontrivial; otherwise h = 0. Solving for ai using (2) and (73), (74) we routinely verify that (55),
(56) hold. We show a1 = 0. Setting i = 1 in (55) we obtain
a1 = (1 − ε)(1 + σ)(1 − σ2)
(1 − εσ )(σ2 − σ) . (75)
Observe 1 − ε = 0 by assumption; 1 + σ = 0 by (73) and the fact that b1 = 0; and 1 − σ2 = 0
otherwise h = 0. It follows a1 = 0. By Definition 14.1(i) we find σ0, σ1, . . . , σD and ε together
satisfy condition A. Now by Lemma 14.2(i) and (ii) we find σ0, σ1, . . . , σD is tight and that ε
is the corresponding auxiliary parameter. We observe σi−1 = σi+1 (1  i  D − 1) since the
denominators in (73) are nonzero. Now σ0, σ1, . . . , σD is feasible by Definition 15.1. 
We finish this section with a comment.
Lemma 15.3. Let  denote a distance-regular graph with diameter D  3 and a1 = 0. Let
σ0, σ1, . . . , σD denote a feasible pseudo-cosine sequence of . Let ρ0, ρ1, . . . , ρD denote a
nontrivial pseudo-cosine sequence such that σ0, σ1, . . . , σD and ρ0, ρ1, . . . , ρD form a tight
pair. Let ε denote the corresponding auxiliary parameter. Then
ρi =
i∏
j=1
σj−1 − εσj
σj − εσj−1 (0  i  D) (76)
and the denominators in (76) are all nonzero.
Proof. We first show the denominators in (76) are all nonzero. By Lemma 11.1 and since σi−1 −
σi+1 = 0 for 1  i  D − 1 we find σi − εσi−1 = 0 for 2  i  D. Observe σ = ε in view of
Lemma 12.5. Using this and the fact σ0 = 1 we get σi − εσi−1 = 0 for 1  i  D. We have now
shown the denominators in (76) are all nonzero. We now verify (76). Observe (76) holds for i = 0
since ρ0 = 1. Line (76) holds for i = 1 by (26). Line (76) holds for 2  i  D by (41) and a
routine induction. 
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